The paper analyses the fracture behaviour of several rocks, namely a sandstone, a limestone and two marbles, one of them being a Carrara marble. The experimental program comprises in total 216 fracture specimens, tested in 4-point bending conditions and including specimens with notch radii varying from 0.15 mm up to 15 mm. The notch effect is analysed through the evolution of the apparent fracture toughness and the application of the Theory of Critical Distances.
INTRODUCTION
It is well known that stress risers have a direct influence on the load-bearing capacity of structural components no matter what their nature: cracks, notches, holes, etc. Their presence plays a key role in the analysis of the corresponding structural integrity, and there are different approaches depending on the kind of stress riser that is studied. With regard to rocks, they cannot be considered a homogeneous continuum due to the small discontinuities like microcracks, pores, grain boundaries, etc. that accompany the rock matrix. These defects act as stress risers generating stress concentrations around them, leading to crack initiation and propagation and, eventually, to brittle failure. This problem can be of interest for several fields within civil (e.g., slopes, foundations), mining (e.g., tunnelling, drilling) and energy engineering (e.g., exploitation of geothermal energy). In addition to the above geometric aspects, stress concentration can also be caused by loading conditions such as bending and torsion, which tend to concentrate stresses at the surface leading to stress gradients. However, this paper will focus on the effect of geometric features, since loading stress concentration is generally negligible in comparison to the other aspects [1] .
Microscopic defects are certainly likely to be found in geological materials. However, notches or defects with relatively large radii should not use the same expression as cracks to describe the stress field near the defect. Stress fields in the notch tip have already been modelled by numerous authors who generally observe a stress reduction acting perpendicular to the notch plane [2] [3] [4] [5] . This stress reduction becomes more significant with the increase in the notch radius, which means that a given component will have a higher load-bearing capacity and apparent fracture toughness in notched conditions rather than in sharp cracks. However, the term 'sharp' depends on the analysed material, as there may be materials that behave as notches for very small notch radii [6] while others require relatively large radii to develop a notch effect [7] . It is therefore necessary to search for specific tools for the assessment of notch components, leaving aside the over-conservative application of the ordinary fracture mechanics that have commonly been used to deal with this problem. For this reason, the fracture analysis of rocks containing notch-type defects will be the main objective of this paper, aiming to apply a more accurate and less over-conservative approach than those assuming that all stress risers behave as crack-type defects.
THEORETICAL BACKGROUND ON NOTCH FRACTURE AND THE THEORY OF CRITICAL DISTANCES
The stress distribution normal to the notch plane ( ) has been represented by many authors over the last few decades [3, 5, [8] [9] [10] [11] . Basically, they all suggest a distribution function with a form similar to 1 √ ⁄ but with certain differences, being the distance to the notch tip. If we represent the stress distribution at the notch tip in a bi-logarithmic form (Figure 1 ), we can distinguish three different regions [4, 12] : the first one is located at the closest zone to the notch tip (I) and corresponds to an almost constant stress zone, followed by a transition zone (II) that leads to region III, which can be considered as a zone of pseudo-singularity of stress, where the stress normal to the notch plane follows the next expression:
where is the notch stress intensity factor (NSIF) and is a material constant for a given notch radius. According to the notch theory, we can basically identify three brittle fracture criteria: global, local and nonlocal fracture criterion [1, 4, 13] . The first one is designed to predict fracture by considering the entire body (e.g., Linear Elastic Fracture Mechanics models) and states that the NSIF is limited by a certain critical value, , which depends on the material and notch radius. When this critical value is reached, failure occurs ( , where defines the stress and strain fields next to the notch tip (see Eq. (1)), and represents the fracture toughness. It can be seen that this approach is analogous to the one proposed by linear-elastic fracture mechanics for the analysis of cracks (K I = K IC ), but limited by the lack of analytical solutions for and standardised procedures for the experimental definition of .
With regard to local and non-local fracture criteria, they are both based on the stress-strain field at the notch tip and are relatively easy to implement in complex bodies. The main difference lies in the fact that local models use only data from a particular point for the calculations at that point, while non-local models also take information from other points that usually prescribe a surrounding volume. However, the distinction between local and non-local models is not always clear in practice, as in the case of the Theory of Critical Distances (TCD).
The TCD can be considered a group of methods with certain common features: the use of a characteristic material length parameter (the critical distance, L) and the use of linear elastic analyses when performing fracture assessments [1, 14] . It was first used by [15, 16] , but it has been over the last few years, with the development of finite element stress analyses, that it has been scientifically studied and applied to different materials (ceramics, polymers, metals and composites). Despite its simplicity and potential for the analysis of fracture processes as demonstrated for a wide range of materials, scarce work can be found about the application of the TCD in rocks [17] [18] [19] , it having started relatively recently to gain importance [20] . Geological materials should, in general, be suitable for the application of the TCD due to their mechanical properties. Their brittle behaviour, high inherent strength and low toughness make rocks highly sensitive to the presence of stress risers such as notches, cracks or any other defects. This simplifies to a great deal the performance of the experimental program from a scale point of view, since relatively large values of L might be expected, of the order of few millimetres. The expression for the critical distance L is as follows:
where is the material fracture toughness and a characteristic material strength parameter (inherent strength), which, in the case of rocks, may be assumed to roughly coincide with the tensile strength , due to the linear-elastic behaviour at micro and macroscale [1] .
All the methodologies included within the TCD are linear and allow the use of elastic continuum mechanics approaches. Some of the methods (Imaginary Crack Method, ICM; Finite Fracture Mechanics, FFM) are based on energy concepts for the assessment of a finite size crack propagation and thus use material parameters such as the critical strain energy release rate during crack growth, , or the fracture toughness, . However, other methods like the Point Method (PM) or the Line Method (LM) focus on the stress field at the defect tip, where they calculate a stress value and equate it to a characteristic strength of the material. All these methods consider the material inhomogeneity through a single parameter with length dimensions and offer quite similar predictions [1] . For this reason, those methods with far simpler and more straightforward application will be used in this work (PM and LM).
The Point Method (PM) is the simplest form of the TCD and states that failure will occur when stress at a certain distance reaches the inherent stress ( for rocks). This method assumes linear-elastic behaviour of the material and can easily be demonstrated from both the stress field in the crack tip at failure defined by [1, 21] , and from the definition of L shown in Eq. (2):
Thus, the PM prediction can be written as σ (L/2) = σ 0 . The Line Method (LM) is based on the same principles as the PM, with the only difference that the stress parameter used is the average stress over a distance d starting at the defect tip instead of the stress at a distance r c :
Once again, from the stress field at the crack tip and the definition of L exposed in Eq. (2), we can analytically demonstrate that d = 2L:
Thus, the LM criterion can be written as:
Finally, an Area Method (AM) and a Volume Method (VM) could also be included within the TCD, which basically involve, respectively, an average stress over a certain area in the neighbourhood of the notch or over a volume. These methods have not been considered here, since fracture assessment becomes much more complicated and requires finite element analyses. By contrast, both PM and LM allow fracture assessment of components with any kind of stress risers in a simple way. In the case of the PM, it is enough to carry out two fracture test with specimens of the same material and geometry but with different type of defects (e.g., with different notch radii). The resulting stress-distance curves at fracture shown in Figure 2 can be obtained either by analytical solutions or by finite element analyses, and will theoretically cross each other at a distance L/2 from the tip and with a stress equal to , as predicted by Eq. (3).
Figure 2. Stress distribution at a notch tip of blunt and sharp notches. Obtaining L and σ 0 parameters.
To conclude, components containing U-shaped notches can easily be analysed by the TCD. One important reason for using these notched specimens is the simplicity they offer from a technical point of view to perform tests that enable fracture toughness, , to be measured. Metallic materials do permit pre-cracking by fatigue loading for example, but introducing macroscopic cracks of controlled length into rocks is much more difficult due to their brittle condition which makes crack propagation unstable. The easiest way to introduce a cracklike defect without causing residual stresses is by means of a sharp slot machined into the specimen with a diamond wire for instance. Of course, this slot will have a finite radius, so we will obtain an apparent fracture toughness ) different from the strictly true fracture toughness of the material, assuming that the notch is a sharp crack ( = 0). In essence, fracture analysis of U-shaped notch components is equated to a situation in a cracked component, where is considered instead of :
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Fracture will occur when Eq. (7) is fulfilled, where is the SIF for a crack with the same length as the notch. The PM and LM within the TCD provide expressions for the calculus of based on the stress distribution of [2] as a function of distance, which is only valid for long and narrow notches:
where x represents the distance from a point halfway between the notch tip and its centre of radius. This expression can be rewritten in terms of the distance (r) from the notch tip, keeping in mind that x = r + /2:
We can apply once again the PM by setting and /2, which means that failure will occur and Eq. (7) will be fulfilled:
The apparent fracture toughness is equal to the real fracture toughness when = 0, so Eq. (10) can be rewritten as follows:
The difference between the apparent fracture toughness and the real fracture toughness is a function of the root radius normalised by the critical distance. In the case of the LM, stress needs to be calculated as an average through a certain distance, from r = 0 to r = 2L as seen in Eq. (5). This requires integrating Eq. (9) in that domain, obtaining the following result:
The analytical solution for the LM is once again obtained proceeding in the same way as for the PM:
According to [1] , both Eq. (11) and Eq. (13) offer similar and reliable solutions as long as infinite body dimensions can be considered. [22] or grainstone [23] (C) is a limestone that consists of intraclasts, bioclasts, pellets and sparite crystals (Figure 3b 
ANALYSED MATERIALS

Moleano Limestone (C) -classification: intrasparitic -pelsparitic limestone
). Intraclasts [Intra] show a micritic texture, are subrounded-rounded shaped and the size varies in the range of coarse sand and microconglomerate (500-2000 µm). Bioclasts [Bio] are mainly fragments of bivalves and corals, which occasionally show internal sparitic recrystallization. Pellets [Pel] are the dominant allochemical component, size varies in the range of fine -medium sand (125-500 µm) and always show a micritic internal texture. Sparite crystals [Sp] totally cement allochemical components.
Macael (M) and Carrara/Italian (I) marbles
Marbles show a very well developed granoblastic texture with equidimensional idiomorphs leucocratic crystals. Porosity is null ( Table 1) 
EXPERIMENTAL PROGRAM AND RESULTS
Splitting tensile strength tests
A good characterisation of the tensile strength is crucial for the correct application of the TCD, since the inherent strength ( ) is equivalent to the ultimate strength ( ) in the case of rocks and brittle materials that do not experience plastification at the notch tip [1] . For this reason, twelve Brazilian tests were performed on each material following [24] . The results are presented in Table 2 . 
Fracture toughness & apparent fracture toughness
At present, a wide range of testing methods can be found for fracture toughness evaluation in rocks with different specimen geometries (e.g. [25] [26] [27] ). However, none of them has yet stood out enough to oust the other methodologies, and even those 'suggested methods for determining fracture toughness of rock' [26] specified by the International Society for Rock Mechanics (ISRM) have been frequently questioned or modified.
Among the several methodologies collected by [28] for fracture toughness assessment in rocks, [27] was selected for this work with some modifications based on [29] . This methodology was first proposed by [30] for ceramic materials, and makes use of single edge notch beam (SENB) specimens tested in 4-point bending, which ensures pure (without shear forces) and constant bending conditions among the inner loading points. The tested specimens consist of parallelepiped beams of 180x30x30 mm (length, width, depth), where a straight notch is cut in the middle to a depth of half-height (see Figure 4) . Although the original method proposed by [30] establishes a height of 20 mm, 30 mm allows the tests to be performed with larger notch radii, while maintaining plane strain conditions. On the other hand, relative crack length (α 0 ), which is defined as the ratio between the initial crack length ( ) and the total height of the specimen (h), has been limited to 0,45 0,55 in order to guarantee a high confinement.
Figure 4. Scheme of fracture specimens. Notch radii (ρ) vary from 0.15 mm up to 15 mm.
Despite the simplicity of the bending tests, it should be noted that the rollers are to be designed in such a way that they minimise friction between them and the specimens, and reduce possible torsion effects that may arise when opposite faces are not perfectly parallel. For this reason, the rollers will allow rotation as well as lateral tilting with the aim of improving their support conditions. In addition, the upper head of the device has been provided with a spherical joint that allows a greater degree of movement and adjustment, while ensuring that the axis of load application always remains centered.
Finally, fracture toughness values ( ) for SENB specimens can be calculated with the following formulation initially developed and defined by [27, 30] :
where b is the specimen depth, h is the specimen height, F is the failure load that can be easily determined with the applied load and vertical displacement records obtained from the 4-point bending tests, and Y is the compliance factor given by the following expression: where and are respectively the spans between the supporting rollers and the inner loading points as depicted in Figure 4 (in this case, following standards for 4-point bending tests [29] , = 150 mm and = 50 mm), and α 0 is the above mentioned relative crack length ( / ).
With all this, six tests have been performed with this configuration for each material and notch radius, with a constant loading rate of 0.05 mm/min till failure, which is consistent with the limit loading rate of 0.25 0.05 MPa/s established at [29] . Basically, cracked specimen formulation is being applied to notched specimens and, therefore, apparent fracture toughness ( ) values and not real fracture toughness will be obtained. This will allow the limit where notch effect can no longer be negligible to be found.
Table 3. Results of and failure load for (F), (C), (M) and (I).
(F) (14)) and the resulting critical distance L from Eq. (2), while best-fit curves are obtained by fixing the value of the apparent fracture toughness to the calculated one and leaving the critical distance L as the only free variable. With all this, Table 4 includes the results of the calculated L and , as well as the values of L for best-fit curves providing least squares. The predictions provided by the PM have also been included in Table 4 . According to [31] , when ρ/L < 1, the corresponding notch behaves as a crack of the same length, which means that notches whose radii are smaller than the obtained L can be analysed by using ordinary fracture mechanics without considering notch effects and, therefore, . In the case of rocks, L is of the order of mm, so notches with significant root radii may behave as cracks. In Floresta Sandstone (F), for example, it can be observed that the notch effect is almost negligible up to ρ ≈ 4 mm (Figure 5a ), which agrees well with the expression of the normalised notch radius (ρ/L < 1). Good agreement between TCD predictions and laboratory results is obtained in all the cases except in the Carrara Marble (Figure 5d ), where no tendency can be seen. This means that the notch effect is not appreciable for the considered notch radii as a consequence of the large value of L, so larger radii should be tested in order to appreciate that effect. Besides, noticeable differences were seen in the experimental results depending on the block of Carrara Marble (I) from which the specimens were extracted, which introduces an important source of variability into the results. The adjustment between curves becomes less accurate as the notch radius gets larger (see Figures 5a, 5b) . This is because the range of application of Eq. (13) that corresponds to the LM is limited by the stress distribution of [2] , which is theoretically only valid for long and narrow notches. However, the predictions provided have proved to be reasonable even when this hypothesis is not totally fulfilled, as in the case of Figure 5c . This inaccuracy is the main factor responsible for the differences between the calculated and best-fit values of L (see Table 4 ), although consequences due to variations in L are rather limited since this variable is squared in Eq. (13) .
Finally, the physical meaning of L seems to be related to the corresponding material microstructure [1] . In the case of rocks, this correlation is thought to be somehow influenced by the grain size, which plays an important role in crack growth acting as an obstacle for propagation. Figure 6 shows, for each material, the range of values of L (dashed lines) between the one corresponding to the best-fit of the LM (empty symbols) and that calculated by Eq. (2) (filled symbols) Both axes are in millimetres and are represented in a logarithmic scale. It seems to indicate the existence of some kind of relationship between both variables, although this is not totally clear yet. According to [32] , the value of L of a certain material is usually on a range between the mean grain size D and ten times this value. This approximation is reasonably fulfilled in most of the analysed rocks.
The calculated values of L (Eq. (2)) for the Granite and the Carrara Marble are also within the mentioned range, although the values obtained by the best-fit curves (LM) of the experimental results are considerably far from the expected range in these two cases. In this sense, not only mean grain size but some other aspects like grain size density function, porosity and grain composition are likely to affect the resulting critical distance. Consequently, all these variables (especially the grain size density function) will be analysed in future research, in order to determine their influence on the corresponding value of critical distance L. Figure 6 . Relation between grain size and L. Rocks studied at [20] have also been included.
CONCLUSIONS
This paper aims to analyse notch-type defects in four kinds of rocks with different microstructures and characteristics. The study is based on the application of the TCD to the results of an exhaustive experimental program that includes 216 SENB specimens tested in 4-point bending conditions, with notch radii (ρ) varying from 0.15 mm up to 15 mm.
The obtained values of L allow the load-bearing capacity of any structural component made of these materials to be predicted by the TCD approaches (e.g., PM or LM). In fact, predictions provided by LM have proved to be reasonable even for blunter notches beyond the application range of Eq. (13) . Notches with radii smaller than L (which in rocks is of the order of a few mm) behave as cracks, which supports the followed procedure, in which similar behaviour for crack and notch-type defects has been assumed for sufficiently limited radii.
Finally, a preliminary microstructural analysis has been performed in order to define the correlation between the critical distance and the grain size of each material. However, further research is required as this relation does not seem to be sufficiently clear. Other possible variables such as grain size density function, porosity or grain composition may also affect the critical distance L.
